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x* € F be arbitrary. Since Q* is dense in F, there exists a sequence
(g7) of ‘rationals’ converging to x. One shows that (f(q})) is a
Cauchy sequence in R, hence converges to some (unique) real
number x. We then define ¢(x*) = x. It can be shown that ¢ is a
well-defined (order and algebraic) isomorphism between F and R.
O
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categorical.

Another property of axiom systems, considered to be particularly
elegant ever since the birth of formal logic, is independence.

A proposition P is independent from a set ¥ of sentences if P can
be neither proved nor refuted from the sentences in X.

Example

The property of commutativity of a group operation x* is
independent from the usual axioms for a group since there exist
both Abelian and non-Abelian groups (for example, (Z,+) and

(53,0))-
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Kurt Godel showed in 1940 that CH cannot be disproved from the
usual axioms of set theory (ZFC) by constructing a model of ZFC
where the continuum hypothesis is true (the so-called
“constructible universe”).

In 1963, Paul Cohen showed that CH cannot be proved either by
producing a model of ZFC where CH fails (using the now famous
technique of forcing).

In fact, Cohen won a Fields Medal for this work (the only Fields
Medal awarded to a logician to date).
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Example (1968)

R.M. Dicker gave a set of independent axioms for a field.

Example (1976)
Finally, F. Rado found an independent set of axioms for a vector
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E

(

(ii) Nor is associativity of multiplication

(iii) Nor is commutativity of multiplication

(iv) Nor is the existence of 1

(v) Nor is the existence of multiplicative inverses

Surprisingly, these properties can actually be deduced as theorems,
and need not be assumed as axioms.
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