The Rules of Summation

Expectations, Variances & Covariances

n
Txi=xi+x++x

2
Il
3
]

ax; =a Z X;
i=1

n

(x1+yt) Enrxi"" zyi

(ax; + by;) = a 2x, +b Zly,

TMMs TM= TM= TMs Tas T

(a+bx,)—na+b2x,

.§, Xi

n

XX+t

=l
I

n

T M=
Sl
=

|
=l
=

Il
(=]

T

"M

<.

5 [ o0) +5032) +£5,39)

=f(xi, 1) +f(x1,y2) +F(x1,53)
+f(x2, 1) +f(x2,32) +F(x2,y3)

f(xhy/)

Expected Values & Variances

E(X) =xi1f(x) +x2f(x2) +
= ié} xif(x;) = %xf(X)

c +xnf(xn)

=2 [g1(x) + &2 ()] £ (x)
2810 () + 282 (0)f(x)
E[1(X)] + E[g2(X)]

E(c)=c

E(cX) = cE(X)

E(a + cX) =a + cEX)

var(X) = o* = E[X — EX)]* = EX®) — [EX))?
var(a + cX) = E[(a + ¢X)— E(a + cX)* = cPvar(X)

Marginal and Conditional Distributions

flx)= Z f(x,y) for each value X can take

f(y) =X f(x,y) for each value Y can take
pIX =y — o] = Y)

flxly) = PIX =x|Y =y] = o)

If X and Y are independent random variables, then
f(xy) = f(x)f(y) for each and every pair of values
x and y. The converse is also true.

If X and Y are independent random variables, then the
conditional probability density function of X given that

—vis ey = EY) _fRfG)
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foreach and every pair of values x and y. The converse is
also true.

=f(x)

cov(X, Y) = E[(X—E[X]) (Y—E[Y)]

=LIp = BNy — EM)IS(xy)
_ cov(X,Y)
—var(X)var(Y)

E(eX + e2Y) = clEX) + eE(Y)

EX+Y)=EX)+ EY)

var(aX + bY + ¢Z) = a’var(X) + b*var(Y) + c¢>var(Z)
+ 2abcov(X,Y) + 2accov(X,Z) + 2bccov(Y,Z)

If X, Y, and Z are independent, or uncorrelated, random
variables, then the covariance terms are zero and:

var(aX + bY + ¢Z) = a*var(X)
+ b*var(Y) + c*var(Z)

Normal Probabilities

X —

If X ~ N(p, 02), then Z == <~ N(0, 1)
o

If X ~ N(p, 0'2) and a is a constant, then

P(Xza):P(Zza;M)

If X ~N(w,0?) and @ and b are constants, then
b—
Pa<X<b) =P (“ TR oz< “)
o o

Assumptions of the Simple Linear Regression
Model

SR1  The value of y, for each value of x, is y = B; +
Bx + e

SR2  The average value of the random error e is
E(e) = Osince we assume that E(y) = B; + Box

SR3  The variance of the random error e is var(e) =
o? = var(y)

SR4  The covariance between any pair of random
errors, e; and e; is cov(e;, €j) = cov(y;, y;)) = 0

SR5  The variable x is not random and must take at
least two different values.

SR6  (optional) The values of e are normally dis-

tributed about their mean e ~ N(O, 02)

Least Squares Estimation

If by and b, are the least squares estimates, then
Vi = b1 + byx;
¢ =yi =¥ =yi— b — by

The Normal Equations

Nb] + 2)6,'[72 = Ey,»
Ex,'b] + Ex,-zbz = Exiy,-

Least Squares Estimators

20 =% =)
2= TS 2
2 (X,‘ — x)
by =y — byx



Elasticity

__percentage change iny  Ay/y Ay x
" percentage change in x  Ax/x Ax y

:AE(y)/E(y):AE_(y),LZB s
Ax/x A E(y) TP E()

Least Squares Expressions Useful for Theory

by = B, + Zwie;

Xi—X
E(X,‘ - 2)2
EW,' = 0, EW,‘X,‘ = 17 Ewlz = I/E(xl —f)2

w; =

Properties of the Least Squares Estimators

32 -
Niz(xi _)_()2:| VaI(bz) =

var(b;) = o?

E(X,‘ - .76)2

COV(b] s bz) = 0’2 |:2( -

x — %)

Gauss-Markov Theorem: Under the assumptions
SR1-SRS5 of the linear regression model the estimators
by and b, have the smallest variance of all linear and
unbiased estimators of 3 and B,. They are the Best
Linear Unbiased Estimators (BLUE) of 3 and B,.

If we make the normality assumption, assumption
SR6, about the error term, then the least squares esti-
mators are normally distributed.

a2y 2 o2
by ~ 2 py ~ A
‘ N(B“Nz(x,- —x)2>’ ’ N<Bz’z(x,- —x)2>

Estimated Error Variance
o S
N -2

Estimator Standard Errors

se(b.):\/V/arT\l), se(by) = \/var(by)

t-distribution

If assumptions SR1-SR6 of the simple linear regression
model hold, then

b — By
t= ~ tinoay, k=12
se(bk) (N-2)» )
Interval Estimates

Plby — tse(by) < B < by + tse(b)] =1 —

Hypothesis Testing

Components of Hypothesis Tests

1. A null hypothesis, Hy

2. An alternative hypothesis, H;

3. A test statistic

4. A rejection region

5. A conclusion

If the null hypothesis Hy : B, = c is true, then

Rejection rule for a two-tail test: If the value of the
test statistic falls in the rejection region, either tail of
the -distribution, then we reject the null hypothesis
and accept the alternative.

Type I error: The null hypothesis is true and we decide
to reject it.

Type Il error: The null hypothesis is false and we decide
not to reject it.

p-value rejection rule: When the p-value of a hypoth-
esis test is smaller than the chosen value of o, then the
test procedure leads to rejection of the null hypothesis.

Prediction

Yo = By + Baxo + e, Yo = b1 +baxo, £ =739 yo

var() = 62 1+ 4+ L0 ey — )
E(X,' — x)

A (1 — @) x 100% confidence interval, or prediction
interval, for yg .
Yo + t(-SC(f )

Goodness of Fit
i =3’ =300 -3’ + 3¢
SST = SSR + SSE

,  SSR SSE

= =1-==
SST SST

Log-Linear Model

In(y) = B+ Box+e, In(y) = by +box

100 x B, = % change iny given a one-unit change in x.

= (corr(y,3))?

In = exp(by + byx)
Ve =exp(b; + bzx)exp(frz/Z)

Prediction interval:

exp|In(y) — tese(f) |, exp[In(y) + rese(f)
Generalized goodness-of-fit measure Rg = (corr(y,.))*

Assumptions of the Multiple Regression Model
MR1  y; = B1 + Boxp + -+ + Brxix + ¢

MR2  E(y) =1+ Baxa+ -+ Brxik < Ele) = 0.
MR3  var(y;) = var(e;) = o’

MR4
MRS

cov(y;, y;) = cov(e;, ¢) = 0

The values of x;, are not random and are not
exact linear functions of the other explanatory
variables.

yi ~ N[(B) + Boxio + - - + Bgxix), 07
& e~ N(0,0%)

MR6

Least Squares Estimates in MR Model

Least squares estimates by, by, ..., by minimize

S(B1. Bas- - Br) = T — B1 — Boxn — - — Brvix)

Estimated Error Variance and Estimator
Standard Errors

52
G2 = Xe¢

N-K var(bs)

se(by) =



Hypothesis Tests and Interval Estimates for Single Parameters

Regression with Stationary Time Series Variables

L by — By
Use ¢-distribut t= ~ tiN—
se t-distribution se(bk) (N—K)

t-test for More than One Parameter
Hy:Bry+cP3=a
_bytchy—a

se(by + cbs)

When H is true t ~ N-K)

_—

se(by + cb3) = \/VﬂI(bz) + ¢2var(b3) + 2¢ x cov(by, b3)

Joint F-tests

To test J joint hypotheses,
(SSEg — SSEy)/J
SSEy /(N — K)
To test the overall significance of the model the null and alternative
hypotheses and F statistic are

Hy:B,=0,B3=0,....,Bx =0
H, : at least one of the B is nonzero
_ (SST - SSE)/(K — 1)
SSE/(N — K)
RESET: A Specification Test
Yi =B+ Boxi2 + Bsxiz +e $i = b1 +baxi + b3xiz
yi =B +Boxo +Bsxis+v9 +ei,  Ho:v; =0
i =B+ Boxia +Bsxis +vi5 +v29 +ei,  Ho:yy=v,=0
Model Selection
AIC = In(SSE/N) + 2K/N
SC = In(SSE/N) + KIn(N)/N
Collinearity and Omitted Variables
yi = B1 + Boxiz + Bsxiz +ei
var(by) =

L
(1= 13) X (x — %)

When x3 is omitted, bias(b;) = E(b3) — B, = B3

var(x;)
Heteroskedasticity
var(y) = var(e;) = o7
General variance function
0;2 =exp(oy + axzpp + - -+ + QsZis)
Breusch-Pagan and White Tests for Hy: ap = a3 = -+ = ag =0

When Hy is true x> =N X R> ~ X(zsfl)
Goldfeld-Quandt test for Hy : 03, = o2 versus H, : 03, # 0%
When Hy is true  F = 63,/6% ~ Finy— Ky Ne—Ke)

Transformed model for var(e;) = o7 = o’x;

i/ VE = Bi(1/v/xi) + Ba (xi/ v/xi) + ei/ v/xi
Estimating the variance function
In(&}) = In(07) +vi = ar + oz + - + aszs + Vi

Grouped data

or i=1,2,..., Ng

Transformed model for feasible generalized least squares

15 =B (1)) + o] V) e

Finite distributed lag model
Vi=o+ Boxi + Byxi—1 + Boxi—o + -+ qut—q + vy
Correlogram
=200 =)0k =9/ - )
For Hy:p, =0, z=+Tr, ~ N(0,1)
LM test
V=B +Byx; +pé—i +v, Test Hy:p =0 with r-test
& =%, +v2x +pé_1+v  Testusing LM =T x R
AR(1)error  y, =P, +PBrx;+e; e = pei+Vv;
Nonlinear least squares estimation
¥ = Bi(1 = p) + Boxr + pyr—1 — Bapxr—1 + vy
ARDL(p, g) model
Vi =8+ Box; + 011 + -+ gy + Oy
+ 0y,
AR(p) forecasting model
Ve =0+ 0yt +Ooy2+ -+ Oy + v
Exponential smoothing 3, = ay,—; + (1 — )9
Multiplier analysis
S + L+ L+ +3,LT = (1—0,L—0,L7 —--- —0,L")

X (Bo + BiL +BoL? +---)
Unit Roots and Cointegration

Unit Root Test for Stationarity: Null hypothesis:
Hy:v=0

Dickey-Fuller Test 1 (no constant and no trend):
Ay, = vy 1+

Dickey-Fuller Test 2 (with constant but no trend):
Ay = +yy1 + v

Dickey-Fuller Test 3 (with constant and with trend):
Ay, = a+yy—1 + N+

Augmented Dickey-Fuller Tests:
Ay, = a+yy 1+ \;1 asAy, s + v,

Test for cointegration
A, = ye, 1 + v,

Random walk: Vi =Yi—1 +

Random walk with drift: Vi=0+y-1+v

Random walk model with drift and time trend:
ye=a+dt+y 1+

Panel Data

Pooled least squares regression

Yie = By + Box2ir + B3xzi + i
Cluster robust standard errors  cov(e;, e;) = i
Fixed effects model

Yie = By; + Boxai + Baxzir + e

Yie = ¥; = Ba(xair — Xai) + B3 (3 — X3i) + (eir — &)
Random effects model

Yir =B + Boxair + B3 xzie +€ir

Yir = oy = By (1 — ) + B (x2i — agy) + B3 (230 — xzi) + v},

OL:170'[,/1/T0'5+0'3

Hausman test

t = (brex — bRE.k)/[m *m] v

f3,; notrandom

B, = B, +u; random



